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Abstract: This paper studies the fractional L’Hospital’s rule based on Jumarie type of Riemann-Liouville (R-L)
fractional derivative. A new multiplication of fractional analytic functions plays an important role in this article. On
the other hand, we provide some limit problems to illustrate the applications of fractional L’Hospital’s rule. In fact,
these results we obtained are generalizations of those in ordinary calculus.
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I. INTRODUCTION

During the 18th and 19th centuries, there were many famous scientists such as Euler, Laplace, Fourier, Abel, Liouville,
Grunwald, Letnikov, Riemann, Laurent, Heaviside, and some others who reported interesting results within fractional
calculus. In recent years, fractional calculus has become an increasingly popular research area due to its effective
applications in different scientific fields such as economics, engineering mathematics, dynamics, mathematical biology,
control theory, optimization, chaos theory, quantum mechanics, and so on [1-9]. Fractional calculus continues to rapidly
develop with different definitions of derivatives and integrals [10-13]. New fractional derivatives and integrals have become
some of the most effective tools for contributing to physical phenomena. They can also be used as applications for real-life
problems.

In this paper, based on Jumarie type of R-L fractional derivative, the fractional L’Hospital’s rule is studied. We can prove
the fractional L’Hospital’s rule by using two major methods: a new multiplication of fractional analytic functions and
fractional Taylor series. In addition, we also provide some limit problems to illustrate the applications of fractional
L’Hospital’s rule. In fact, our results are generalizations of those in classical calculus.

1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper and some important properties.

Definition 2.1 ([14]): Suppose that 0 < a < 1, and x,, is a real number. The Jumarie’s modified R-L a-fractional derivative
is defined by

__ 1 d x f)-f(x0)
G @] = o T de. )

where I'( ) is the gamma function.

Proposition 2.2 ([15]): Let a, B, x,, C be real numbersand 8 = a > 0, then

(e DG = x0)F] = 22 (= x0)P 7, @
and
(xD¥)IC] = 0. ®)
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Definition 2.3 ([16]): Assume that x,x, and p, are real numbers for all k, and let 0 < a < 1. Then the series
Y o Pi(x — x)¥ is called a real a-fractional power series. Its disk of convergence intersects the real axis in an
interval (x, —r,x, + r) called the interval of convergence. Each o-fractional power series defines a real valued sum
function whose value at each x in the interval of convergence is given by

fa(x®) = Lo pic(x — x0)** . (4)

This series is said to represent f, in the interval of convergence, and it is called a a-fractional power series expansion of £,
about x,.

Definition 2.4 ([16]): If 0 < a < 1 and let f,, be a real valued a-fractional function defined on an interval I contained in R.
If f, has a-fractional derivatives of every order at each point of I, we write f, € C°(I). If f, € CZ°(I) on some
neighborhood of a point x,, the series

k
(xoD%) [F(0)](xo)
I'(ka+1)

Y=o (x = xp)** (®)

is called the a-fractional Taylor series about x, generated by f,,. To indicate that f,, generate this fractional Taylor series,
we write

k
o (x0®) @I
fa(x®)~ Zk:o%(x — xp)". (6)

Theorem 2.5 ([16]): Let 0 < @ < 1, and f,,(x%) = Y7o cx(x — x¢)**. Then

k
(xoPf) [F()](xo)
I'(ka+1)

fa(x%) = ZI?:O (x— xo)ka- (7

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.6 ([17]): If 0 < a < 1, and x, is a real number. Let £, (x*) and g, (x%) be two a-fractional analytic functions
defined on an interval containing x, ,

®k
fa(x®) = fo:or(%il) (x = %) = Z?:o%(r(a;ﬂ) (x — xo)“) : (8)
o b o b Qk
9a(¥*) = Zico F(kak+1) (x = xo)" = Zk=ok_}!c (F(a1+1) (= xo)“) : C))
Then
fa(x) & ga(x®)
oo e b
= Zk:oﬁ (x - xo)ka ® Zk:or(Tkﬂ) (x — xo)k“
oo k
= 5o rrer (Bhamo (1) Geombm) (2 = x0) . (10)
Equivalently,
fa(x*) & ga(x)
o 1 ®k w b 1 ®k
= Yo % ([‘(a+1) (x — xo)a) ® Zk:ok—T (m (x — xo)“)

= 502 (Shimo (X) @rcmbn) (s G = 20)%) (11)

Definition 2.7 ([17]): If 0 < a < 1, and f,(x%), g.(x*) be two a-fractional analytic functions defined on an interval
containing x, ,

1
I'(a+1)

—x)) (12
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ay — o by ka _ vo bk 1 a ®k 13
(&) = Do s (¢ = x)* = T o (i (= %)) - (13)

We define the compositions of f,(x*) and g, (x%*) by

(fr 0 9@ = fu(9a®®) = B0 % (g (x9) ", (14)
and

Ga © f) @) = galfa@) = B0 2 (fu (x)) ™. (15)
Definition 2.8 ([17]): Let 0 < a < 1. If £, (x%), g, (x%) are two a-fractional analytic functions at x, satisfies

(fo° 9 = (G ° f) (6D = 1o O = x0)° (16)

Then f,(x%), g,(x*) are called inverse functions of each other.
The followings are some fractional analytic functions.
Definition 2.9 ([18]): Suppose that 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by

1

B (x%) = Big ke = 3y L (L xe)™ (17)
a k=0 p(ka+1) k=0 i \r(a+1) )

And the a-fractional logarithmic function Ln, (x%) is the inverse function of E,, (x%).

Definition 2.10 ([18]): The a-fractional cosine and sine function are defined respectively as follows:

a\ — co (_1)k 2ka oo (_1)k 1 a ®2k
c0sq (x) = Xi=o F(Zka+1)x = Xk=o 2k)! (F(a+1)x ) ! (18)
and
. o oo (1) k+D)a _ voo (~1)k 1 a ®(2k+1)
sing (x%) = X0 F((2k+1)a+1)x - Zk=0(2k+1)! (F(a+1)x ) : (19)

Definition 2.11 ([19]): Let 0 < a < 1. If u,(x%), we (x%) are two a-fractional analytic functions. Then the a-fractional
power exponential function u, (x*)®*«*“ s defined by

Uy (x®)®WaxY = | (Wa(x“) R Lna(ua(x“))). (20)

I11. MAIN RESULT AND APPLICATIONS
In this section, we will prove the fractional L’Hospital’s rule and provide some examples to illustrate its applications.
Theorem 3.1 (fractional L’Hospital’s rule): Assume that 0 <a <1, ¢ is a real number, and f,(x%), g,(x%)
[go(x*)]® 1 are a-fractional analytic functions at x = c. If }Cigg fo(x®) = Liinc g (x*) =0, or }Cl_rg fou(x*) = £, and
lim g, (%) = +oo. Suppose that  lim £, (x)®[g, (x*)]®~* and lim( D[ xN®[( D) lga x| exist,
( CD,‘})[ga(x“)](c) # 0. Then

lim £, (<) ®lg0 ()19~ = lim( D)o xN®[( D) lga x| (22)

Proof Case 1. If limf,(x%) = limg,(x%) = 0. By Theorem 2.5, we have
X—C X—C

k
(D) UalxDIe)
I'(ka+1)

fa(x*) = Xi=o (x — o)

2
(Pf) [falx®](o)
ra+1)

_ (D) alcD©

_a
I'(a+1) (x C) +

(x —c)?% + -
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(D) faxD1(©)
1!

1
I'(a+1)

1
I'(a+1)

2
e (DE) LfulxD1(©)
2!

(x—0)%) (= 0)) 4o, 22)

And

2
(Pf) 192 (xDI()
ra+1)

_ c)“)®

( DE)19a(xD](e)
I'(a+1)

(x — c)** +

(

9a(x®) = o) + (x -

1
I'(a+1)

_ (cP#)lgax9l©

2
1 (D) 192D
1! +

2!

(x (I‘(a+1)

Therefore,

lim £, (x)@[ga (x)]®~*
1

(F(a+1)

( D$)[faxD](©)
1!

1
F'(a+1)

1
I'(a+1)

2
e (cD€) fa@®i(e)
2!

(
(

(X _ C)a)®1 + .. ) 1%

®-1

(x — c)"‘)g’1 + ]

(x - C)“)

= lim )

xe [( c0f) (c0f) 19ax D)
2!

[9a(x®)](c)

1!

1
I'(a+1)

(x — c)"‘)‘g’1 + (x—o0)

(e0f) alx®I()

2!

( 1
I'(a+1)

(

( CD%)[floitx“)Kc) N

[( DF)9axN1(©) N (eDf) 19axD1(©)

2!

1
I'(a+1)

1!

_ (DE)falx®](©)
"~ (D) 9aD©

On the other hand,

tim( D) G [( )19 )]

(DE)fax®](©)
( CD’?) [( I(a+1)

D¥ [ga(xa) (@)
I'(a+1)

2
(cDf) [fax®l©
ra+1)

(x—c)*+

(x —c)** + )

(x —c)** + ]

= lim ,
xoe (cD€) [9a(xD1(©)
ra+1)

D“)[ (x—0o)* +

2
(cDf) [falx®](e)
I'(a+1)

( D) fu(x () + x—0)%+ |®

= lim
X—C

[( CDJICI) [ga(xa)] (c) +

2 -1
(cD€) 19ax®](e)
ra+1)

(x—0)*+

_ ((DE)falx®ie)
" ()9

Thus, the desired result holds.
Case 2. If lim £, (x*) = lim g, (x*) = +oo0. Then lim [f, (x*)]®
xX—C xX—cC xX—C
lim /,, (x*)®[g (x)]®

= lim g (x)]® T @[ [fo (x)]® O
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(23)

+...>®

®-1

% 4 ]

(24)

®

®-1

(25)

L = lim [g,(x*)]® " = 0, and
xX—C
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= tim( D) [[9x)1® 0 [( DO 2] (by Case 1)
= limlg, ()19 2@ ( D) (9. B [ G @ D]

= lim[ £, (@9, (<)1® 1197 ( D) [gu B[ ( DN Lx]

= liml £, (x)Blga (1127 - lim ( DF) g xS [( D] (26)
Thus,
lim £, eI (c1® " = lim( DO xN® [( D)gae ] Qed.

Remark 3.2: In Theorem 3.1, the real number ¢ can be replaced by ¢*, ¢, 40, or —oo.

Example 3.3: Suppose that 0 < a < 1. Find the limit

. 1
lim
x—0t T(a+1)

X*Q@Ln, (x%). 27)

. . 1
Solution lim
x—0T1 r(a+1)

x*QLn,(x%)

. . 1 L1 1%
xllrgl+ Lng(x)® [[F(a+1)x ] ]

-1

£1®1 1 2] 72 ® . s 10
x ] ® [— [F(a+1) x ] ] (by fractional L’Hospital’s rule)

lim [

a

,}L%L T T(a+D)
=0.

Example 3.4: Let 0 < a < 1. Evaluate the limit

1
® ———x*
. a T(a+1)
xll»0+ [F(a+1)x ] ' (28)

1 a
Solution ! “]® M+’

lim [

1

3 a a
lim E <r(a+1)x ® Lng(x ))

a
x-0+

= Ea(lim Ly ® Ln“(x“))

x—0t+ T(a+1)

E,(0) (by Example 3.3)
=1.

Example 3.5: If 0 < @ < 1, and (—1)* exists. Find the limit

®-1
. . ay _ 1 a .; 3a
}cl—r}(l) [Sm“(x ) ra+) > ]® [5 rGatD) ~ ] ' @)
) . . ay 1 a . 1 3a ®-1
Solution }Cl_rg [Slna(x ) [‘(a+1)x ]®[5 rGa+1) ]
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= lim [cos, (x%*) — 1]® [5 — xz"‘]®_1
x—0 @ ra+1)

= i [_ . ( a)]® [5 . 1 a]®_1

= lim [—sin, (x @

= lim [—cos, (x*)]®[5]®

_ 1
E .
IV. CONCLUSION

The main purpose of this paper is to study the fractional L’Hospital’s rule based on Jumarie’s modified R-L fractional
derivative. Using a new multiplication of fractional analytic functions and fractional Taylor series, we can easily prove the
fractional L’Hospital’s rule. On the other hand, we give three limit problems to illustrate its applications. In the future, we
will continue to use fractional L Hospital’s rule to solve the problems in fractional calculus and engineering mathematics.
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